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Abstract

We develop a trade model where correlation in productivity between countries
generates heterogeneity in trade elasticities. This model approximates the full
class of factor demand systems consistent with Ricardian theory and formalizes
Ricardo’s insight that countries with relatively dissimilar technology gain more
from trade. Incorporating this insight entails a simple correction to the sufficient-
statistic approach used for macro counterfactuals. The novelty of our results
derives from a characterization of correlation that links macro factor demand
systems to technological primitives. Finally, our quantitative application shows
that heterogeneity in correlation is key to the gains from trade.
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1 Introduction

Two hundred years ago, Ricardo (1817) proposed the idea that cross-country differences
in production technologies can lead to gains from trade. Ricardo’s work, which
extended Smith (1776)’s idea on specialization to international trade, led to the
following insight: Two countries gain more from trade when they have dissimilar
production possibilities. Recent evidence suggests that similarity in technology
relates to country characteristics—for instance, to the proximity of countries (Keller,
2002; Bottazzi and Peri, 2003; Comin et al., 2013; Keller and Yeaple, 2013). If so,

correlation in productivity may lead to heterogeneity in the gains from trade.

The Ricardian trade model in Eaton and Kortum (2002, henceforth, EK)—which
gave rise to a rich theoretical and quantitative literature—does not account for
correlation in productivity. They assume that productivity is independently distributed
Fréchet across countries with common shape, 6. This assumption leads to tractability
via a max-stability property: The distribution of the maximum is also Fréchet and

its scale is the sum of the scale parameters of the marginals,

Plmax{A;,..., Ay} < a] =exp [ <ZT> ]

This additive structure, a consequence of independence, implies that comparative
advantages across countries are symmetric and trade flows between country pairs
have a constant elasticity of substitution (CES). As a result, the EK model cannot
capture how technological similarities across countries shape the gains from trade—
which may be important to understand why countries choose certain trading partners

and not others.

In this paper, we develop a Ricardian theory that allows for rich patterns of correlation
in technology, yet preserves the max-stability property central to the EK model.
Specifically, we drop independence and assume a max-stable multivariate Fréchet

distribution for productivity. In this case, the distribution of the maximum is
Pmax{A,...,An} < a] =exp [ —G(T,...,Ty)a™?|,

for some correlation function G.! Countries can now have different weight on the

LA correlation function, often referred as a tail dependence function or a extremal index function in
probability and statistics, provides a way of representing a max-stable copula.
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scale of the maximum. In this way, our framework generalizes EK, maintains its
tractability, and allows us to extend the results of Arkolakis et al. (2012) (henceforth,
ACR) to incorporate how technological similarity between countries influences the

gains from trade.

The assumption of a max-stable multivariate Fréchet productivity distribution admits

a factor demand system with heterogeneous elasticities, and implies expenditure

shares that belong to the generalized extreme value (GEV) class (McFadden, 1978).

As aresult, any trade model that generates a GEV factor demand system is observationally
equivalent to a Ricardian model with a max-stable multivariate Fréchet distribution.

Our framework further captures general Ricardian theory due to an approximation

result: The GEV class approximates any factor demand system arising from Ricardian
trade—without the need to restrict to Fréchet productivity distributions. Put simply,

our framework captures the full aggregate implications of Ricardian trade theory.?

Despite this generality, our theory leads to intuitive and tractable counterfactual
analysis. Within the class of GEV factor demand systems, we can calculate the
gains from trade as a simple adjustment to the CES case: The results of ACR
generalize, after a simple correction, to the GEV class. In the Ricardian context, this
correction adjusts a country’s self-trade share for correlation in technology with the
rest of the world, formalizing Ricardo’s insight that more dissimilar countries have

higher gains from trade.

Allin all, our approach uses the class of max-stable copulas to drop the assumption
of independent productivity in the EK model. Yet, several new insights follow

from only relaxing the dependence structure.

First, we bring existing Ricardian models into a unifying framework. The GEV
class accommodates many Ricardian models of trade, such as multi-sector models
(Costinot et al., 2012; Costinot and Rodriguez-Clare, 2014; Levchenko and Zhang,
2014; DiGiovanni et al., 2014; Caliendo and Parro, 2015; Ossa, 2015; Levchenko
and Zhang, 2016; French, 2016; Lashkaripour and Lugovskyy, 2017), multinational
production models (Ramondo and Rodriguez-Clare, 2013; Alviarez, 2018), global
value chain models (Antras and de Gortari, 2017), and models of trade with domestic
geography (Fajgelbaum and Redding, 2014; Ramondo et al., 2016; Redding, 2016).

2 While in the body of the paper we assume that preferences are CES for comparability to the
standard EK framework, this restriction is not necessary for our main results, which rely only on
expenditure shares matching import probabilities. In Online Appendix O.2.1, we show how to
relax this assumption.



In Section 5, we show that these models, despite their distinct micro-foundations,
have identical macro factor demand systems and, hence, identical implications for

macro counterfactuals.

Second, we unpack this GEV macro structure by introducing a common foundation
based on technological primitives. Concretely, we provide a structure for technology
that is necessary and sufficient for productivity to be distributed max-stable multivariate
Fréchet. Our approach leverages the spectral representation theorem for max-
stable processes (De Haan, 1984; Penrose, 1992; Schlather, 2002; Kabluchko, 2009),
which generates extreme-value distributions from Poisson processes. This representation
enables us to generate disaggregate models consistent with our aggregate framework,
as well as build new economic models with rich patterns of correlation. We refer to
this structure as the global innovation representation because it can be interpreted as
the result of adopting technologies—which are a product of global innovations—
based on a country’s ability to apply each innovation. When countries adopt

similar technologies—those with similar attributes—they have correlated productivity.

Finally, the connection between the cross-country productivity distribution and
the attributes of innovations—representing the various micro-structures of non-
CES Ricardian models (e.g. sectors)—allows us to tie macro substitution patterns,
which are relevant for macro counterfactuals, to micro-estimates common in the

trade literature.

In Section 6, we explore the empirical relevance of Ricardo’s insight that the gains
from trade depend on similarity between countries. That is, does allowing for
heterogenous substitution patterns through correlation in productivity change the
inferred gains from trade—and other counterfactual exercises? We estimate a multi-
sector model of trade that allows for distance-dependent sectoral elasticities of
substitution across countries. This specification captures the possibility that nearby

countries may share similar technology—and therefore have correlated productivity.

Our estimates show that correlation falls with distance. This empirical result affects
counterfactuals: Accounting for spatial correlation translates into gains from trade
that are much higher—and much more heterogenous—than the gains calculated

under independence.

This paper relates to several strands of the literature. First, we naturally relate
to the large trade literature using the Ricardian-EK framework (see Eaton and

Kortum, 2012, for a survey). More generally, our approach can be applied to any



environment that requires Fréchet tools, with the potential of changing some of
their quantitative conclusions. In particular, it can be applied to selection models
used in the growth literature (Hsieh et al., 2013), and the macro development
literature (Lagakos and Waugh, 2013; Bryan and Morten, 2018), as well as to recent
trade models used in the urban literature (Ahlfeldt et al., 2015; Monte et al., 2015;
Caliendo et al., 2017; Redding and Rossi-Hansberg, 2017).

Second, we relate to papers in the international trade literature that use non-CES
factor demand systems.? Scarf and Wilson (2005) present a Ricardian model with
a demand structure that satisfies the gross substitutability property, and in which
productivity has an arbitrary distribution. They show that, in this case, the competitive
equilibrium exists and is unique. We restrict our attention to the sub-class of
GEV factor demand systems—which includes models used extensively in the trade
literature—and show that it can approximate any demand system generated by the

Ricardian model.

Building on the early work by Wilson (1980), Adao et al. (2017) show how to
calculate macro counterfactual exercises in neoclassical trade models with invertible
factor demand systems.* They also provide sufficient conditions for non-parametric
identification using aggregate trade data. Their approach departs from CES demand—
in which independence of irrelevant alternatives (IIA) holds—but does not necessarily
lead to closed-form results. By focusing on the subclass of GEV factor demand
systems, we operationalize a tractable model of Ricardian comparative advantage
where IIA need not hold. Given that restriction, our aggregation result allows
us to relate various micro structures to the macro demand systems studied by
Adao et al. (2017), and, as a result, to incorporate disaggregate data to identify
macro substitution patterns. All in all, our distinct contribution is to provide
theoretical guidance on Ricardian micro-foundations underlying the class of GEV
factor demand systems, and in this way, create a bridge between the macro results

of Adao et al. (2017) and estimates, common in the trade literature, based on micro
data.

In that regard, papers such as Caron et al. (2014), Lashkari and Mestieri (2016),

3 A related trade literature departs from CES with the goal of analyzing endogenous markups
and their effects on the gains from trade. See DeLoecker et al. (2016), Feenstra and Weinstein (2017),
Bertoletti et al. (2017), and Arkolakis et al. (2017), among others.

“Wilson (1980) shows how a multi-country version of the Ricardian model in Dornbusch et al.
(1977) can be reduced to analyzing the properties of an exchange economy—-countries trade their
labor with each other.



Brooks and Pujolas (2017), Feenstra et al. (2017), and Bas et al. (2017), among others,
estimate non-CES demand systems using disaggregate data. Even though they
abandon the class of homothetic demand systems, which we do not, they aim,
as we do, to show the consequences of abandoning linear gravity systems, and
to incorporate detailed micro data to estimate key elasticities (e.g., heterogeneous
price and income elasticities).” By linking seemingly different micro structures to
common primitives of technology, our general framework provides guidance on
how to incorporate the micro estimates in this literature into macro counterfactual
exercises. In contrast with this literature, in our supply-side framework, substitution
patterns come from the degree of technological similarity between countries. As a
result, we can incorporate heterogeneous elasticities without relying on demand-

side factors.®

Finally, our global innovation representation, which characterizes max-stable multivariate
Fréchet distributions, relates to the literature on dynamic innovation and knowledge
diffusion processes that generate Fréchet productivity—as in Kortum (1997), Eaton

and Kortum (1999), Eaton and Kortum (2001), and Buera and Oberfield (2016).

This literature uses extreme value theory to generate independent max-stable random
variables. Our representation result introduces a new tool to this literature—the
spectral representation theorem for max-stable processes. Contrary to the results

from extreme value theory used in Kortum (1997)—which generate extreme value
distributions as a limit—our approach delivers exact and closed form results while

flexibly accommodating statistical dependence.

SCaron et al. (2014) use a constant-relative-elasticity-of-income utility functions to link
characteristics of goods in production to their characteristics in preferences. Lashkari and Mestieri
(2016) use constant-relative-elasticity-of-income-and-substitution (CREIS) utility functions that
allow for general relationships between income and price elasticies. Brooks and Pujolas (2017)
analyze the expression for gains from trade arising from models with unrestricted utility functions
(typically non-homothetic) that generate a non-constant trade elasticity. Feenstra et al. (2017) use a
nested CES utility function to estimate micro and macro elasticities of substitution in a multi-sector
model. Finally, Bas et al. (2017) break the Pareto assumption in the Melitz model of trade to get
country-pair specific aggregate elasticities, which they estimate using sectoral-level trade data.

®In Online Appendix O.2, we extend our framework to models where comparative advantage
come from demand-side factors as in the Armington model (Anderson, 1979), and from entry of
heterogenous firms as in the Krugman-Melitz model (Krugman, 1980; Melitz, 2003). Similarly to
ACR, these results make clear which assumptions on economic fundamentals lead to equivalence
within a large and useful class of models.



2 Ricardian Model of Trade

Consider a global economy consisting of NV countries that produce and trade in a

continuum of product varieties v € [0, 1]. Consumers have identical CES preferences
e+1

with elasticity of substitution ¢ > —1, C; = ( fol Cd(v)e%ldv) . Given total

expenditure of X, expenditure on variety v is Xy(v) = Py(v)Cy(v) = (Pa(v)/Py) Xy
where P,(v) is the price of the variety, and P; = < fol Pd(w)*edv> " isthe price level

in country d.

We assume that the production function for varieties presents constant returns
to scale in labor and depends on both the origin country o where the good gets
produced and the destination market d where it gets delivered. For each v € [0, 1],

output Y,,(v) satisfies
Y;;d(v> = Aod(U)Lod(U)7 (1)

where L,q4(v) is the amount of labor used to produce variety v at origin o for
delivery to d and A,4(v) is the marginal product of labor—referred to as productivity.
This productivity variable captures both efficiency of production in the origin and

inefficiencies associated with delivery to the destination—trade costs.

The marginal cost to deliver a particular variety v to destination d from origin o is

W

Cod(v) = Ma )

where W, is the nominal wage in country o. We assume perfect competition so
that prices are equal to unit costs. Good v is provided to country d by the cheapest

supplier, so its price in the destination market is
3)

Asin EK, we capture heterogeneity in production possibilities by modeling productivity
as a random draw. We focus on multivariate random variables which satisfy a
property known as max stability. The EK model, which is built on independent
Fréchet random variables, gets its tractability from this property. By relaxing the
independence assumption, we get a flexible, yet tractable, model of trade that
captures Ricardo’s insight that the degree of technological similarity determines

the gains from trade.



2.1 Max-Stable Multivariate Fréchet Productivity

We start by providing a brief overview of max-stable multivariate Type II extreme

value (Fréchet) random variables.

Definition 1 (Multivariate 0-Fréchet). A random vector, (A4, ..., Ax), has a multivariate
-Fréchet distribution if for any o, > Owith k = 1,. .., K the random variable maxy—; i oAy
has a Fréchet distribution with shape parameter 0. In this case, the marginal distributions

are Fréchet with (common) shape parameter 6 and, for each k = 1, ..., K, satisfy
P[A, < a] =exp [—Tka_q , 4)
for some scale parameter T}

This definition implies that a multivariate f-Fréchet distribution is max stable—the
maximum has the same marginal distribution (up to scaling). The multivariate 6-
Fréchet distribution includes as special cases the independent multivariate Fréchet
distribution in EK, and the symmetric multivariate Fréchet distribution used in
Ramondo and Rodriguez-Clare (2013).” For both special cases, the max-stability
property holds and lends the models their tractability.

By working with the class of multivariate 0-Fréchet random vectors, we can put
minimal restrictions on dependence and maintain the key property of max-stability.®
To make headway in that direction, we characterize the joint distribution of a
multivariate f-Fréchet random vector by first defining the function that summarizes

its correlation structure.

Definition 2 (Correlation Function). G : RX — R, is a correlation function if:
1 (Normalization). G(0,...,0,1,0,...,0) =1;
2 (Homogeneity). G is homogeneous of degree one;

3 (Unboundedness). G(x1,...,xx) = ocoasx, — oo forany k =1,..., K;and

"Footnote 14 of Eaton and Kortum (2002) considers this symmetric correlation specification.
They point out that the restriction to p = 0 is innocuous in their aggregate trade model because p >
0 also implies CES expenditure shares. However, any non-symmetric specification for correlation
leads to non-CES expenditure, as we show throughout this paper.

8Notice that the restriction to a common shape is necessary for max stability; general
multivariate Fréchet distributions may have marginal distributions with different shape
parameters, in which case the maximum, even under independence, is not distributed Fréchet.
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4 (Differentiability). The mixed partial derivatives of G exist and are continuous up
to order K. The k'th partial derivative of G with respect to k distinct arguments is

non-negative if k is odd and non-positive if k is even.

A correlation function is closely related to a max-stable copula and adds a normalization
restriction to the definition of a social surplus function in GEV discrete choice

models (McFadden, 1978).” The normalization restriction allows us to distinguish

between absolute advantage—captured by scale parameters—and comparative advantage—
captured by a correlation function. Correlation functions reflect comparative advantage
because they measure relative productivity levels across varieties and across origin

countries within the same destination market.

The next lemma characterizes the joint distribution of any multivariate -Fréchet
random vector in terms of the scale parameters of its marginal distributions and a

correlation function.

Lemma 1 (Correlation Function Representation). The random vector (A, ..., Ak)
is multivariate 6-Fréchet if and only if there exists scale parameters Tj, for k = 1,..., K

and a correlation function G such that its joint distribution satisfies
PlA, <ag, k=1,..., K| =exp [—G (Tlal_e, . ,TKCL[_(Q)} : (5)
Proof. The result follows closely Theorem 3.1 of Smith (1984). See Appendix B. [

This standard result from probability theory allows us to parameterize joint distributions
using scale parameters and correlation functions. The restrictions defining a correlation
function ensure that (5) characterizes a valid multivariate Type II extreme value
(Fréchet) distribution.

Importantly, using the characterization in Lemma 1 and the homogeneity property
in Definition 2, we get the max-stability property. The maximum of a multivariate

f-Fréchet random vector is 6-Fréchet,

P [ max A; < a] = exp [—G (Ty,...,Tk) a*ﬂ , (6)

k=1,...,.K

with scale parameter G (11, . .., Tx) and shape parameter §. Evaluated at the scale

A max-stable copula is a copula C : [0,1]Y — [0,1] satisfying C(u,...,un)" = C(u],...,u})
for > 0. The mapping (uy, ..., uy) > e~ G(=1/u1,=1/Inuxn) i the max-stable copula associated
with a correlation function G.



parameters of the marginal distributions, the correlation function acts as an aggregator
that returns the scale parameter of the maximum. Moreover, as in EK, the conditional

and unconditional distributions of the maximum are identical,

P max Ak/ S a | Ak = max Ak/:| =P |: max Ak/ S CL:| . (7)
k'=1,...K k! N k!

goony geeey

As for EK, this result is crucial for tractability because it ensures that expenditure

shares simply reflect the probability of importing from an origin country.!?

To fix ideas, consider the special case of independent #-Fréchet productivity, used

by EK. Independence implies that the correlation function is additive,

PlAa(v) < aq, ..., Awu(v) < an] = H PlAsi(v) < a,) —exp< ZToda )

The max-stability property holds since

N
P oi?,?f.},(N Apa(v) < a} = exp [— (Zl Tod) a_9] .

An additive correlation function imposes a strong assumption, namely that comparative
advantages across countries are symmetric. By breaking this symmetry, our model
accommodates heterogeneity in comparative advantage, and, as we show in Section 3,
allows us to formalize how similarity in technology matters for the gains from
trade.

In Section 4, we further show how a correlation function can be constructed from

fundamentals, and provide an economic justification for any choice of G.

2.2 Prices and Trade Shares

We now characterize import price distributions and expenditure shares under the
assumption that productivity is multivariate §-Fréchet. The marginal cost to deliver
a particular variety v to destination d from origin o is given by (2). The joint
distribution of productivity determines the joint distribution of potential import

prices, as we show next.

19 Appendix A formally presents this and other properties of Fréchet random variables which we
use throughout the paper.



Proposition 1 (Potential Import Price Distribution). If productivity has a multivariate
-Fréchet distribution, then the joint distribution of prices presented to destination market

d is given by a multivariate Weibull distribution satisfying
P[Pia(v) > p1,. .., Pna(v) > pn] = exp [—Gd (Tldee]??, . ,TNdWZQQP?V)] .
Proof. See Appendix C. O

For each origin o, the marginal distribution of prices, P[P,4(v) > p] = exp [—TodWO_ Gpa} ,
is a Weibull distribution with scale 7,,,W - ? and shape 0.'" The correlation function

G? determines the dependence structure of potential import prices across origins.
1

Define bilateral import price indices as P,y = < fol Pod(v)_€dv> o Proposition 1 together
with Appendix Lemma A.1 implies that

Poa =T, "W, 8)

with v > 0 (defined in Proposition 2). We can further map the scale parameters
T,q, which are bilateral cost shifters, into standard variables in the trade literature:
an origin-country productivity index, A, = T,/%, and an iceberg trade cost index, T,q =
(T,,/T,q)". The variable A, measures a country’s ability to produce goods in their
domestic market, while 7,;, measures efficiency losses associated with delivering
goods to market d—the standard iceberg-type trade costs. Re-writing (8) using
these indices yields P,y = v7,aW,/A,.

Given the distribution of potential import prices, a country imports each variety
from the cheapest source. The max-stability property for the productivity distribution,
together with the previous characterization of the potential import price distribution,

leads to closed-form results for trade shares and the price index.

Proposition 2 (Generalized EK). Suppose productivity has a multivariate -Fréchet

distribution with 0 > €. Then:

1A random vector (Bi, ..., Bk) is multivariate Weibull if its marginal distributions are Weibull:

P[B, <b=1- ¢Sk for some scale Sj, > 0 and shape 6 > 0 across k = 1,..., K. Note that if
(Ay, ..., Ag) is O-Fréchet, then the vector (A7',..., Ax') is multivariate Weibull and its marginals
have common shape 6, = 0, foreach k =1,..., K.
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1. The share of varieties that destination d imports from o is

TOdWo_eGOd
Tod — N , (9)
> o=t LoaW;?Goa
where
0G4 .
GOd = Gg (Tldwl_ea B 7TNdW]§9) and Gg (ZL‘l7 . 7:[:N) = <:U(19’ ’mN)’
Lo
(10)

2. The distribution of prices among goods imported into country d from o is identical

to the distribution of prices in d;
3. Total expenditure by country d on goods from country o is X,q = moqXa; and

4. The price index in country d is
Py =G (ToaWi?, . TaWy®) 7 (11)
where v =T (%)_% and T'(-) is the gamma function.
Proof. See Appendix D. O

First, the formula for the expenditure share, 7,5, has the same form as choice
probabilities in GEV discrete choice models (McFadden, 1978), with T, bW 0 taking

the place of choice-specific utility.

Second, using (9) and (11), correlation-adjusted expenditure shares are CES,

o w,\ "’
M= = Od<v ) . (12)

Py

As a result, these shares constitute a gravity system, as defined by ACR, and are

sufficient statistics for real import prices, 7, = (Poq/Py) .12

Third, as in EK, the distribution of prices among goods actually imported into
market d is identical to the overall distribution of prices in d. As a result, expenditure

shares are equal to the share of varieties imported into d from o.

2Notice that GU(Pr’,...,Py0) = SN _ TyaW;%Gya so that the denominator of the
expenditure share in (10) is (Py/v)~°.

11



Finally, the price level in each destination market is determined by aggregating
import price indices using the correlation function. In analogy to the discrete
choice literature, welfare calculations depend crucially on the specification of this

function.

2.3 GEV Factor Demand Systems

What macro substitution patterns does this theory generate? To answer this question,
we first establish, in Corollary 1, that the Ricardian model with multivariate -
Fréchet productivity implies expenditure shares in the GEV class. We next establish
in Proposition 3 that the factor demand systems generated by the Ricardian model
with #-Fréchet-distributed productivity can approximate any factor demand system
generated by stochastic productivity. That is, our framework is consistent with any
Ricardian model with constant returns to scale in production, competitive markets,

and a single factor of production in each country."

First, we define a factor demand system for destination d as a collection of expenditure
share functions {m,4}’"; such that for each 0 = 1,..., N the function 7, : RY x
Ry — [0,1] is homogenous of degree zero and for any vector of wages W =
(Wi,...,Wy) € RY and level of expenditure X,; > 0, Zf)vzl Toa(W, Xy4) = 1. Next,

we define the class of GEV factor demand systems.

Definition 3 (GEV Factor Demand System). The collection {zxSFV}Y_ is a generalized

extreme value (GEV) factor demand system for destination d if there exists a shape parameter

6 > 0, scale parameters {T,q}_,, and a correlation function G* satisfying

To WP GUT WO TvaWR?)
S T aW PG (T Wo L TR

7o (W, Xy) = (13)

forallo=1,... N.
The GEV class is homothetic, and closely related to the functional form for choice

probabilities in GEV discrete choice models (McFadden, 1978), differing only by

the normalization restriction in Definition 2.

13As mentioned in Footnote 2, the assumption on CES preferences is not crucial. In Online
Appendix O.2.1, we show that if consumer preferences are homothetic and generate demand
satisfying a law of large numbers on Borel subsets of the continuum of varieties, expenditure shares
equal import probabilities when productivity is max-stable multivariate Fréchet.

12



An important class of factor demand systems within the GEV class is CES. This
class is generated by an additive correlation function, implying expenditure shares

of the form
TOdW; 0

N -0
ZO/:l TO/dWO/

TS (W, X,) = (14)

The CES specification includes most of the workhorse models of trade, such as
Armington, Melitz, and EK (Arkolakis et al., 2012).

The GEV class, however, is much larger than the CES class. For example, consider

the following cross-nested CES (CNCES) correlation function,

K N L=pr
G zy,...,2N) = Z (Z(wkodmo)l/(l_pk)> ) (15)

k=1 o=1

The factor demand system implied by this correlation function is

CNCES “(Pua\ " B
Toq (W, Xq) = E ( > ) =i = (16)
k=1 Pkd Zk':l Pk’g

where Pkod = ’ka_oil/GWO, Pkd = V(Z(])V:I P];Oflk)fl/ak, and O = 9/(1 — pk)

It is clear from comparing (14) with (16) that the GEV class can generate richer
patterns of substitution across exporters than CES. Comparing the elasticity of
demand in the GEV and CES models, around any observed expenditure share,

the difference comes from the correlation function,

0ln WdeV _Oln Wocfs 0In Gy and OJln WSSV _ 0ln WOC,ES 0InGyy

OlnW,  olnW,  OlnW, OlnW,  olnW, OlnW,’ (17)

with 9ln 7S5 /0In W, = —0 (1 — 7,4), and O In 7$E5 /O In W, = O714.

Our next result states that the GEV factor demand system in (13) matches the
expenditure shares of the Ricardian model with multivariate §-Fréchet productivity

in Proposition 2.

Corollary 1 (GEV Equivalence). For any trade model that generates a GEV factor
demand system, there exists a Ricardian model that generates the same factor demand

system for some max-stable multivariate Fréchet distribution for productivity.

A direct implication of Corollary 1 is that the Ricardian model with multivariate 6-

Fréchet productivity generates factor demand systems matching many (non-CES)

13



trade models. In particular, many of those models are in the GEV sub-class of

CNCES factor demand systems, as we show in Section 5.

We push the result in Corollary 1 one step further by adapting results from the
discrete choice literature: GEV random utility models are dense in the space of all
random utility models (Dagsvik, 1995). This result for choice probabilities does
not directly apply to our model since we have CES demand at the variety level.

However, an analogous result holds, as we show next.

Proposition 3 (GEV Approximation). Let { A,q(v)}2_, have any multivariate distribution
whose marginals have finite moment of order e. Denote the factor demand system implied
by the Ricardian model when productivity is distributed the same as { Apa(v) }2_1 by {moa ;.
Then for any compact K C RY*! and any e > 0, there exists a GEV factor demand system,

{mCEVAN | such that

o=1/

sup  |moa(W, Xg) — TSV (W, Xq)| <e Yo=1,...,N.
(W,Xd)EK
Proof. The proof constructs an approximating GEV factor demand system that

converges uniformly to the true demand system. See Appendix E. O

This result derives from the following fact: any multivariate distribution can be
approximated by multiplying by independent Fréchet noise with sufficiently low
dispersion. The proof of Proposition 3 shows that the factor demand system associated
with productivity {A.;}2, is uniformly approximated by a GEV factor demand
system that arises from incorporating a small amount of independent Fréchet noise.
That is, restricting to the GEV class amounts to smoothing over the factor demand

system to ensure closed-form results.

The key implication of Proposition 3 is that any factor demand system generated
by Ricardian trade can be approximated by a Ricardian model where productivity
has a multivariate 6-Fréchet distribution. Put simply, through this approximation
result, our framework encompasses the full macroeconomic implications of Ricardian

trade theory.
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3 Macro Counterfactuals

We next show that heterogeneity in correlation leads to heterogeneity in the gains
from trade and changes calculations of (counterfactual) departures from the current
equilibrium. It turns out that calculations using a GEV factor demand system are
virtually identical, after a correction for correlation, to the calculations in ACR
for trade models with CES factor demand systems. Moreover, the correlation
correction only requires data on expenditure shares across countries, preserving

the simplicity of the ACR calculation for the gains from trade.

From (9), the self-trade share is

_ TuaW ;G aa
Zivzl Tod WO—G God

Tad (18)
Using the expression for the price index in (11), we can write the real wage in
country d as

% = ’Vile%d (W;d)_% , (19)
where 7)), = m44/Gaa is the correlation-adjusted self-trade share defined in (12).
Let 2 = 2'/x denote the change from x to 2’. Using (19), it is straightforward to

show that the change in real wages between two equilibria is given by

Wa _ W)/P;
P, Wa/Py

S

= (Taa)~ (20)
That is, in any trade model that implies a GEV factor demand system, a (log)
change in equilibrium real wages—triggered by some shock to the model’s parameters—
is proportional to the (log) change in the correlation-adjusted self-trade share, with

the factor of proportionally determined by 6.4

3.1 Gains From Trade: Autarky

What are the consequences of correlation in technology for the gains from trade

relative to autarky? Intuitively, if two countries had perfectly correlated productivity

4Tn Online Appendix O.1, we define the equilibrium formally and show how to apply exact
hat-algebra methods to solve for a change from the current (observed) equilibrium to any
counterfactual equilibrium.
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draws across varieties, they would offer each other identical prices, and there
would be no scope for trade between them. Our correlation structure is able to

capture this possibility.

In autarky, country d purchases only its own goods so that 744 = 1. Moreover, as
Toa — 00, Tog = (Ay/70q)? — 0 for o # d, and G4y = 1—correlation with other

countries is irrelevant in autarky. The expression in (20) collapses to

Gly= Wd/]:itarky - (gdd) . =
(Wa/Py) dd

S

This expression generalizes the results of ACR to the class of models with GEV
demand systems. With a CES factor demand system, G434 = 1, and the gains from
trade in (21) simplify to the ones in ACR where two countries with the same self-
trade share have the same gains from trade. This expression for gains also admits
the possibility that if two countries had the same self trade share, but one country
had very similar technology to all other countries—high correlation—their gains
from trade would be smaller. In contrast, if that country had dissimilar technology
to other countries—low correlation—their gains from trade would be larger. In
this way, our framework captures Ricardo’s insight on the heterogeneity of gains

from trade across countries.

Concretely, consider a three-country world with a correlation function given by
d Y(1p) | 1/0=0)) '
G (271,1'2,..'['3) - (xl +x2 ) +I37

which implies that the joint distribution of productivity across countries is

1—

1 o\ -
]P’[Ald(v) S as, Agd(v) S @27A3d</l}) § (13] = exXp |:— ((Tldal_e) N (TQdaz 0) 1*P> + nga3 9:| .
Countries 1 and 2 are technological peers, with the parameter p measuring the
degree of correlation in their technology. Country 3’s productivity is uncorrelated

with productivity in countries 1 and 2. After some algebra, we get that"

Tod P
Gog=|—"— for o=1,2, and G35 =1,

T1d + T2d

BGoq = (TrgWi )Y =P 4 (ToqWy Y/ A=) 7 (T, W 0)/(=0) for 0 = 1,2 Given that moq =
ToaW,; G oa)GHTraWi, TogWy ¥ T34Wy5 %), we can take the ratio G14/Gag = (m14/724)" to get Gog
for o = 1, 2. For country 3, G34 = 1.
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which implies that the gains from trade are

GT, = [wcll;p (1 + 2q)" ] g for d=1,2 and GT;= 7r3_3%.

The gains from trade for countries 1 and 2 depend on the degree of correlation
in technology, while the gains from trade for country 3 are pinned down by the
country’s self-trade share. The corrected self-trade shares for country 1 and 2 end
up being a Cobb-Douglas combination between each country’s expenditure share
on its own goods and on the aggregation of its own goods with its peer’s goods—
the self-trade share if countries 1 and 2 were combined into a single country. When
correlation in technology is zero (p = 0), a correlation correction is unnecessary;
for positive correlation, the correction increases effective self trade and implies
lower gains from trade; and for perfect correlation (p = 1), the two countries are
effectively a single country and the gains from trade depend on their combined
self trade.

3.2 Calculating the Correlation Correction

Given the correlation function, we show that one can calculate the gains from
trade directly from expenditure data, generalizing the sufficient-statistic approach
in ACR.

Because the demand system is CES after correcting for correlation, correlation-
adjusted shares in (12) are sufficient statistics for bilateral import prices. The procedure
to compute these adjusted expenditure shares amounts to inverting the demand

system in (9).

Using the definition of import price index in (8), and the homogeneity of degree

zero of G4, expenditure shares in (9) can be written as

(P [P (P
Od Pd fo) Pd 7 Pd *

Further using (12) yields the system

Toa = TiyGe (Tl ... Thy) for o=1,... N. (22)

Given expenditure share data and the correlation function of a single destination,
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the expression in (22) constitutes a system of NV equations in the N unknown
correlation-adjusted expenditure shares across origins.'® As a result, we only need
expenditure share data to calculate the gains from trade. We still need, however,
estimates of the correlation function; the next section provides results motivating

estimation from disaggregate trade data.

4 From Macro to Micro

What are the origins of cross-country correlation in productivity? We next present
a structure for technology that is necessary and sufficient for productivity to be
distributed multivariate 6-Fréchet. This structure can be interpreted as the result
of adopting technologies—which are a product of global innovations—based on a
country’s ability to apply each innovation. When countries adopt similar technologies—

those with similar attributes—they have correlated productivity.
Our technology structure satisfies the following two assumptions.
Assumption 1 (Innovation Decomposition). There exists a measurable space of attributes

(X,X) and for each v € [0, 1] an infinite, but countable, set of global innovations, i =
1,2,..., with global productivity Z;(v) > 0 and attributes x;(v) € X, such that

Apa(v) = ax Z;i(v)Asa(xi(v)), (23)
for some measurable function x — A,q(x), and each o,d =1, ..., N.

Assumption 1 states that, for each good v, there is a countable collection of technological
innovations that represent physical techniques (i.e., blueprints) for producing a
good. Each innovation is characterized by two components. Global productivity,
Z;(v), measures the fundamental efficiency of the technique, and is identical across
all origins and destinations. Attributes, x;(v), represent anything specific to the
innovation that is relevant for heterogeneity in productivity across origins and
destinations. For instance, one innovation’s attribute might be the country where

the innovation was first developed. Alternatively, attributes could include the

16Note that the correlation adjustment is well defined. The mapping from RY to RY, defined by
the right-hand side of the system in (22), satisfies strict gross substitutability and is homogenous of
degree one. As a result, it is injective and there is a unique solution for {7,}2 ,, given {mq}2 ;
(see, for instance, Berry et al., 2013).
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sectors and firms that can use the technique. Generally, attributes capture micro-
foundations that underlie country-level productivity, and allow us to develop models
in which those micro-foundations determine the production techniques used in

each country.

The function A,4(x) determines how bilateral factors (e.g. proximity) and attributes
combine to determine productivity. We refer to the variable A;,q(v) = As(x;(v)) as
the spatial applicability of idea i for production in o and delivery to d. For instance,
if an attribute of an innovation were whether or not the innovation is known in
each country, applicability would be zero in any country with no knowledge of
the innovation; conversely, if applicability were positive, it could depend on the

proximity between production location o and destination d.

Our next assumption states that innovations follow a Poisson process over global

productivities and attributes.

Assumption 2 (Poisson Innovations). There exists § > 0 and a o-finite measure
such that [, Aq(x)?du(x) < oo and the collection {Z;(v), xi(v)}iz1,2,.. consists of the

points of a Poisson process with intensity measure 0z=°"dzdu(x), i.i.d. over v € [0,1].

First, Assumption 2 implies that the expected number of innovations with global

productivity above any cut off z > 0 and attributes in any set B € X is

o0

E Z {Zi(v) > z,xi(v) € B

i=1

- /B / h 02"""'dzdp(x) = 2z "u(B).

The measure f is the expected number of innovations with attributes in the set B
and global productivity above 1. For example, if x;(v) is a list of sectors that can
use the innovation, ;({s1, s2}) is the expected number of innovations that can be

used by both sectors s; and ss.

Second, conditional on those innovations with global productivity above z and in
the set B, the likelihood that Z;(v) = z > z is
0 0z""dzp(B)  62°

—P i < i » Xi - B '
5o VA S 2| 40) > 20a(v) € B] = g iy = o

That is, global productivities are independent of attributes, and, conditional on
being above z, are distributed Pareto with lower bound z and shape 6. As a

consequence, spatial applicabilities—which arise from an innovation’s attributes—
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are independent of global productivities.'”” The key is that the measure p, which
determines the joint distribution of spatial applicability across origin countries,
is relatively unrestricted and allows for rich patterns of correlation through the

inclusion of innovation attributes.!®

One can interpret Assumption 2 as arising from some random discovery process
as in Eaton and Kortum (1999, 2010). In our static framework, we interpret i as
indexing the collection of all innovations up until the present. We do not explicitly
model how innovation occurs, and simply take as given the set of innovations. The
key difference between our setup and the Poisson process in Eaton and Kortum
(1999) is the inclusion of attributes. Rather than assuming that innovations are
country specific, innovations—which represent physical methods to produce a
good—are globally applicable. Origin countries adopt whichever innovation is
most efficient for them depending on how attributes determine the spatial applicability

of the innovation.

The following theorem characterizes multivariate §-Fréchet distributions and is a
consequence of the spectral representation theorem for max-stable processes (De
Haan, 1984; Penrose, 1992; Schlather, 2002; Kabluchko, 2009).

Theorem 1 (Global Innovation Representation). For each d, productivity across origins
is multivariate 0-Fréchet if and only if it satisfies Assumptions 1 and 2. In this case, we

say that productivity has a global innovation representation. Its joint distribution is
P[A1g(v) < ay,y...,Ana(v) < an] =exp [—Gd (Tldal_e, . 7TNda;,9)} , (24)

with scale T,; = fX Apa(x)?du(x), foro=1,..., N, and correlation function

o (X)e
J Aod
G (zq,...,xN) = ; ogl%.},(N T, zodp(Xx)- (25)

Proof. Sufficiency follows directly from Campbell’s theorem (Kingman (1992)). Necessity
follows from Theorem 1 in Kabluchko (2009), which states that any #-Fréchet process

has a spectral representation. See Appendix F. O

This characterization of productivity establishes primitive assumptions on the technology

7 Any random variable defined as a measurable function of x;(v) has its stochastic properties
derived from the measure space (X,X,u). We denote by P the probability measure of the
underlying probability space on which global productivities and attributes are jointly defined.

8In our examples, we use Fréchet distributions for spatial applicability only because they lead
to closed-form solutions.
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structure that are necessary and sufficient for #-Fréchet-distributed productivity
across origin countries. In this way, -Fréchet productivity can always be interpreted
as arising from the spatial applicability of global technologies. Intuitively, both
absolute advantage (the scale parameters) and comparative advantage (the correlation

function) are the result of the ability of exporters to adopt innovations.

The result in Theorem 1 provides a method to compute scale parameters and
correlation functions: They are simply the first moments of spatial applicability
and the expected value of the maximum of spatial applicability (after scaling). Put

differently, Theorem 1 gives guidance on how to construct max-stable copulas.

Concretely, a symmetric multivariate Fréchet distribution (as in Ramondo and
Rodriguez-Clare (2013)) arises from assuming that the spatial applicability of individual
technologies is independent across o and distributed Fréchet with scale S,; and
shape o > 6. Then, Theorem 1 establishes that the scale parameters equal 7,; =
[y Aoa(X)?dp(x) = T(1 — 0/0)5%% u(X), where we use Appendix Lemma A.1 to
compute the integral. The scale depends on the scales of the marginal distributions
of spatial applicability and is proportional to the expected number of innovations
with productivity above 1, ;1(X'). The correlation function (the expectation in (25))
is derived as follows. From Appendix Lemma A.1, (A,q(x:(v))?/T0i)x, is o /6-
Fréchet with scale 25/’ /1(X). Due to independence and max-stability, the maximum
over ois also o /#-Fréchet and its scale is the sum of the underlying scale parameters.

Using Appendix Lemma A.1 to compute the integral in (25) yields

N 1=p
L 0
Gy, ... = L-e ., wh =1-—, 26
(T1,. - 2N) (;lx > where p - (26)

and the implied joint distribution of productivity follows from (24) in Theorem 1.

The correlation function in (26) takes the form of a CES aggregator. The coefficient
p measures the degree of correlation, which arises from dispersion in spatial applicability,
controlled by the shape parameter 0. As o — 0, dispersion in applicability is high,
and p — 0. Intuitively, when applicability becomes very fat tailed, it dominates
the contribution of the common global component of productivity. In this limiting
case, productivity is independent and the correlation function is additive due to
the assumption that applicability is independent across countries. In contrast, as
o — oo, dispersion in applicability becomes negligible and p — 1. In this case,

applicability becomes deterministic and heterogeneity in productivity is entirely
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determined by the global component, Z;(v). As a result, productivity becomes

perfectly correlated across countries.

This example provides intuition on how Theorem 1 generates varying degrees of
correlation in productivity from underlying assumptions on the spatial applicability
of technologies across the globe. High dispersion in spatial applicability dampens
the importance of the common global component of productivity and reduces
correlation, while the opposite is true when dispersion in spatial applicability is

low.

Theorem 1 also allows us to relate macro-level multivariate 6-Fréchet distributions
to the underlying attributes of innovations. As a consequence, the theorem implies
that we can always incorporate additional (potentially observable) micro-level variables

into the model via innovation attributes.

4.1 Disaggregation

We now consider the implications of Theorem 1 when (some) innovation attributes
are observable. The following corollary establishes that the joint distribution of
productivity, conditional on some observable component of attributes, &;(v), is also

multivariate 6-Fréchet.

Corollary 2 (Disaggregation). Suppose that productivity has a global innovation representation
with attributes x;(v) = {k;(v),e:(v)} € {1,..., K} x &, and intensity dmy(c). Then,
micro-level productivity,
Akod(”) = i:l’QT%gi((v):k Zi(U)AOd(k’i (U), & (U)),
is multivariate 6-Fréchet and independent across k. The scale parameters are Tj,q =
e Aroa(€)?dmy,(e), and the within-k correlation function is
Aod(k’, 5)9

GM(zy,... ay) = i I W%dmk(f)-

Characteristics, k;(v), represent potentially observable components of the innovation’s
attributes, while the remaining portion ¢;(v) are unobservable. Producttivity is
independent across and correlated within characteristics. In this way, Corollary 2

provides an interpretation for the attributes in Theorem 1—they are latent factors
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that generate correlation across countries.

This result connects the macro model studied so far to potential underlying micro-
foundations. We can disaggregate country-level productivity by conditioning on
innovation attributes, and the resulting disaggregate productivity distribution is

also 6-Fréchet.

When innovation characteristics are observable, we can use this result to incorporate
disaggregate expenditure data (e.g. sectoral trade data). Define expenditure on

goods produced using innovations with k;(v) = k as

k'=1,.,K,0=1,...N

1
Xkod = / Xd(U)]. {Pkod(v) = , min Pk’o’d('U)} dU,
0

where Pyoq(v) = W,/ Apoa(v)."? Because the within-k distribution of productivity is

multivariate §-Fréchet, the factor demand system for k-goods is GEV,

Xkod _ TrodW, 0GR (T aW 0, . TinaWi?)
Xkd ny\’le TkO/dWOTGGIZfi(TkldWI_e, Ce 7TkNd(X)W];0)

, (27)

with X, = E(])Vzl Xkod- Additionally, since productivity is independent across k,
the share of total expenditure on k-goods is CES,
X P
AXfcd _ — kd — (28)
d > w1 Prra
where Py = YG*(TaWi ™, ..., TinaWy?)~'/?. Inspection of (27) shows that correlation

manifests in the trade data in terms of substitution patterns within characteristics

(e.g., sectors).

We now provide a concrete example of applying Corollary 2 to generate a cross-
nested CES (CNCES) factor demand system, as in (16). This example is important
because many Ricardian models in the literature are instances of a CNCES factor

demand system—as we show in Section 5.%

To get a CNCES factor demand system, we build on our previous example where
independent spatial applicability led to symmetric correlation in productivity. Assume

that the distribution of spatial applicability conditional on a given characteristic

19Wh€1’1 Akod(v) = 0, Pkod(v) = Q.
2In Appendix G, we provide an example of a generalized mixed CES factor demand system that
includes both CNCES and mixed-CES, as in Adao et al. (2017), as special cases.
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is independent o-Fréchet across origins and i.i.d across innovations. The scale is
Skod- Under this assumption, Corollary 2 implies that characteristic-level productivity
has a joint distribution over o that is symmetric multivariate §-Fréchet with correlation
function as in (26). The correlation coefficient is p, = 1 — 6/0, and scales are
Thoa = I'(1 — 0/0)S, sY/ /°%. Due to independence across k, the joint distribution of

productivity across origins and characteristics is
K 1—pi
1
PlAroa(v) < aro, Vk=1,...,K,0=1,.. = exp Z (Z Thodr, )1%)
k=1

The k-level expenditure shares in (27) become

Xkod Proa\ 7" P
() e o
d kd Zk’:l P

where Py,q = fka;i/ GWO and P,y = (Zf)vzl P,;DZ’“> _I/Uk. The first term on the right-
hand side of (29) is expenditure within k and is CES with elasticity o;. The second
term refers to between-k expenditure and is also CES. The aggregate demand
system is cross-nested CES, as in (16), with each nest corresponding to one of the

finite number of innovation characteristics.

In summary, Corollary 2 shows how to incorporate disaggregate data into our

macroeconomic framework.

4.2 Aggregation

We next provide an aggregation result for recovering the country-level correlation

function associated with the disaggregation in Corollary 2.

Corollary 3 (Aggregation). Under the hypotheses and notation of Corollary 2, country-

level productivity is

which is multivariate 0-Fréchet with scale T,; = Zszl Tyoq and correlation function
K

Gd(xh e 7$N> = Z de (wkuﬂl, . ;WkNdl’N) )

k=1
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for aggregation weights wieq = Tkod/Toa-

Country-level productivity comes simply from adopting the most efficient innovation.
Due to independence of productivity over characteristics, the macro scale parameters
are the sum of the characteristic-level scales, and the country-level correlation
function comes from aggregating within-characteristic correlation using relative

scales as aggregation weights.

Suppose that we have an estimate of the within-k correlation function. How can
we use Corollary 3 to recover country-level correlation-adjusted expenditure shares

and the country-level correlation function in order to perform counterfactual analysis?

Aggregation weights, w4, are key for the aggregation procedure. Because correlation-
adjusted expenditure shares are proportional to scale parameters, these weights

can be recovered by adjusting disaggregate expenditure shares for correlation.

The logic for computing correlation-adjusted trade shares at the micro level follows

the derivations in Section 3.2. Gravity holds after correcting for correlation,

—0
Tkod Wo
o= —— =T , 30
Tkod Grod kod <7 Pd) (30)
where Thod = Xk;od/Xd and szod = Glgd(Tkldee, R ,Tk;NdWJGQ). We can then

recover k-level correlation-adjusted expenditure shares by solving
% kd/ __x *
Tkod = ModCGo (Thags -+ > Thna)-

As (30) shows, correlation-adjusted shares are proportional to scale parameters
and 7., = Zle Ty0q- Hence, the country-level correlation-adjusted shares and the

aggregation weights satisfy

K -
* * _ "kod
Ty = E Trod» aNd  Wrog = —=.
T
k=1 od

Aggregation weights equal the ratio of disaggregate to aggregate correlation-adjusted
shares. In addition to being sufficient statistics for real import prices, these shares

are sufficient statistics for the aggregation weights.
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For example, in the CNCES case, 7}, = X, /* X2 / X,;, which leads to

K 1—pk y Pk

o Z Xiod  Xkd
od — 9
k=1 Xa

1—pr v Pk
Xkod Xkd

and  wyeq = .
kod ZK Xl—pk/ka/
k'=1“"k'od k'd

Given an estimate of the k-level correlation coefficient, p;, these quantities simply
reflect observed trade flows; the country-level correlation function follows from
(15).

Together, these results allow us to pass seamlessly between the micro and macro
levels. Corollary 2 states that we can relate a given macro model with multivariate
§-Fréchet productivity to an underlying disaggregate model in which productivity
also has a multivariate §-Fréchet distribution. In turn, Corollary 3 shows how to
recover the correlation-adjusted trade shares and correlation function of the macro
model. The link comes from maximizing productivity across k within an origin

country:.

The natural consequence is that we can estimate the model using disaggregate data
(e.g., sectoral data), and perform macro counterfactual analysis using the results in
Section 3. Thanks to these results, we can connect (Ricardian) micro foundations

to macro substitution patterns, as the applications in the next section show.

In summary, the key role of Theorem 1 is to tie cross-country correlation in productivity
to potential micro-foundations. It characterizes correlation as reflecting the extent
to which countries adopt similar innovations—with similar attributes. In turn,
Corollary 2 and Corollary 3 guide the development of quantitative macro models
based on disaggregate factors, and as such, they also guide the incorporation of

disaggregate data into estimation.

5 Applications

We now present applications that extend the Ricardian model of trade in EK to
multiple sectors (Caliendo and Parro, 2015), multinational production (Ramondo
and Rodriguez-Clare, 2013), domestic geography (Ramondo et al., 2016), global
value chains (Antras and de Gortari, 2017), and intermediate inputs (Eaton and
Kortum, 2002; Alvarez and Lucas, 2007). All of these models deliver a GEV factor
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demand system and satisfy the gross substitutes property.?! These applications
also provide concrete examples of the results in the previous section linking county-

level correlation to micro characteristics.

5.1 Multiple Sectors

Assume that each country is composed of multiple sectors, s = 1,...,S. Caliendo
and Parro (2015) assume that consumers in destination d have Cobb-Douglas preferences
so that sectoral shares X,/ X, are exogenous, and assume that productivity within
each sector across origins is distributed independent Fréchet with shape ¢, and
scale gso. Given trade costs 7,,4, the share of d’s sector-s expenditure on goods

from origin o is

—0,
W, ‘

Xso (Tsod ;; >

Xj: : (31)

0.0
N W
ZO’:l Tso'd A,

where A,, = Al’. Due to the Cobb-Douglas assumption, sectoral expenditure

shares are exogenous.

By assuming that productivity is correlated within each sector, we can generate
a similar factor demand system, but with endogenous sectoral shares. Suppose
that productivity A,,q(v) for good v in sector s is a random vector drawn from
a multivariate 6-Fréchet distribution with scale parameter 7},; and sector-level

correlation function,

N 1—ps
Gy, ... an) = (Z z,/ (1_%)) : (32)
o=1

The parameter p; measures the degree of correlation across origin countries in each

sector. Expenditure shares at the sector level are

__0 —0
Psod 1=ps Psd
Tsod — )
! Py Py

-2 —Ps . .
where P,,q = yTl/ w., P, = (Zi\f:l P s )_1 o, and P, is the aggregate price

sod sod

2L A notable exception—with strong complementarities—is Fally and Sayre (2018). They build a
model of trade in scarce and spatially concentrated commodities which implies an import demand
system with very low elasticities of substitution. They estimate gains from trade that are much
larger than ACR.

27



index in country d, P; = (3, Ps’d‘g)fl/ ’_ This factor demand system matches (31)
for 8/(1—ps) = 05, and Psoa/y = Ts0aWo/Aso- Sectoral shares depend on real sectoral
prices with elasticity of substitution 6. As the parameter ¢ goes to zero, this sectoral
CNCES model converges to match the Cobb-Douglas case in Caliendo and Parro
(2015).22:23

Applying the results from Corollary 3, country-level productivity 4,4(v) is distributed
multivariate f-Fréchet with scale parameters given by 1,4 = Zle T..q and correlation
function,
5 N 1=ps
Gd(wlv e 7$N) - Z <Z<w50d$0)1/(1_p5)> ’ (33)
s=1 \o=1

with wseq = Ts0a/Toq- The inner sum indicates that when sectors are present in
multiple countries, they induce correlation across origins. The parameter wg.q
measures the extent to which sector s matters for trade flows from o to d—it reflects
sectoral trade costs and comparative advantage. In turn, aggregate expenditure

shares constitute a GEV factor demand system, as in (16).

5.2 Multinational Production

Assume that productivity depends on the home country j of a firm. The micro
correlation function is CNCES as in (32), and the implied macro correlation function
is as in (33) with s replaced by j for both functions. The parameter p; measures

correlation across production locations for firms with home country j.

The expenditure share on goods produced in o for d by firms from j is

__60 )
Piog\ i Pjq
ol = 2=, 34
e () 0% .
e,
where P,y = j_ocl/ “W,, and Py = (2N, Pjoéfpf)—T. The expenditure share

on goods produced in o for d follows (16) with j replacing k. In this model,

production locations can use technology from a common home country, which

22The Cobb-Douglas restriction, however, entails that key cross-price elasticities characterizing
the macro demand system are not identified from between-sector variation, as pointed out by
Adao et al. (2017). With CNCES, both 6 and p; can be identified from between- and within-sector
variation, respectively.

BFrench (2016) uses CES expenditure shares across sectors, but he restricts the elasticities of
substitution for each sector to be the same, p; = p.
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induces correlation. The factor demand system in (34) matches the one in Ramondo

and Rodriguez-Clare (2013) for p; = pand T = Toaljo/A;.

de

5.3 Multiple Regions

Assume that each country n is composed of R,, regions. Denote productivity in
region r by A,,4(v). Productivity across regions within a country is symmetric
multivariate §-Fréchet with correlation parameter p,, and scale 7,4, while productivity

is independent across countries. The within-n correlation function is

Rn 1=pn
G"(x1,...,7R,) = (Z x%“ﬂ”’) : (35)
r=1

Workers are mobile across regions within a country and the country wage is W,,.
For import price index P,,q = 7T, Y 9W the trade share from region r in n into

rnd

destination d is

1—pn

__90 _ R ]
Prya 1=pn Pnde . - T gpn
e (52) gy e nam (EF)

n’ * n'd r'=1

The first fraction on the right-hand side of (36) is the probability of importing from
region r in country n conditional on importing from some region in country n,

while the second fraction is the probability of importing from country n into d.

Because regions are unique to countries, country-level productivity—which is just
the maximum across regions within each country—is independent with scale 7,,; =

1—pn
<ER" TY/0=r ”)) g . In turn, the country-level factor demand system is CES,

rnd

ToaW,,”’
Wn - ﬂ}n
d Z d = Z T ’dW N 7 oo
By assuming that p,, = 0, foralln = 1,..., N, this case matches the one in Ramondo

et al. (2016) .

29



5.4 Global Value Chains

We now show that the model of global value chains in Antras and de Gortari
(2017) generates a GEV demand system. That is, it has the same macroeconomic
implications as a model without global value chains, but in which productivity
follows a multivariate -Fréchet distribution with an appropriately chosen correlation

function.

Assume that production is done in K stages, k = 1,..., K, where k = K is the final
stage of production (e.g., assembly), takes the Cobb-Douglas form, and labor is the
only factor of production. Let ¢ = [((1),...,{(K)] index a path of locations across

production stages.

The unit cost of the input bundle used for goods produced following the production

path ¢ is given by
W \™
— W _—
o= W TT (5722 )
with o > 0 and Zsz_ll a; < 1. The unit cost of good v is ¢;/As(v). The variable
Ayq(v) denotes the marginal product of the input bundle when good v is produced
along ¢ and delivered to d. This variable is distributed independent ¢-Fréchet

across ¢ with scale 7y,. The likelihood of a particular production path ¢ destined to

country d is given by

-0
ro = <0 (37)

This factor demand share matches the one in Antras and de Gortari (2017) for Ty =
T[([e()’ dnl(;(%:"}‘:l ok Hf:_ll (Tg(k)j(k_,_l))_gakTé)(éllz) where 7;; is an iceberg cost of transporting
goods from country i to country j, and T; is a productivity index for country i.
Aggregate trade shares from country o to d are obtained by summing 7, over

production paths with last production stage in country o—i.e., {(K) = o.

A macro model where productivity is multivariate #-Fréchet with scale 7}, and

correlation function given by

K1, g
Lk
Gl o) = 3 (#)

implies a factor demand system equivalent to the the one in the model with global

value chains.
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5.5 Intermediate Inputs

Suppose that each variety is used to produce an aggregate intermediate input. In
turn, firms produce varieties using a Cobb-Douglas production function in labor

and this good. Hence, the unit cost of the input bundle in country o is
¢, = BWPPIP,

where 0 < 5 < 1 is the share of labor in production, B is a positive constant, and
F, is the price level in o. If productivity is independent Fréchet with scale A, and
trade costs are 7,4, expenditure shares are

Al et

od “~o
= . 38
> AoTygcy’ %)

Tod

The price index in country d is defined implicitly by

S

Fy =B (Z Aotod (W P,~° )9>

It is easy to see that a model without this input-output loop, but with a multivariate
-Fréchet distribution of productivity with scale 7,4 = (A,/ Tod>0/ # and correlation

functions for each country implicitly defined by the system

N
GUxy, ..., an) = foGo(!Eh can)t P
o=1

generates the same factor demand system as the model with intermediate inputs.

6 Quantitative analysis

This section quantifies the gains from trade when productivity is correlated across
space. We consider a sectoral version of the Ricardian model of trade in Section 2,
which includes the cross-nested CES sectoral model in Section 5.1 as a special
case. The novelty of this quantitative model is that it captures Ricardo’s insight
that the degree of technological similarity determines the gains from trade. Based

exclusively on supply factors, this sectoral model allows for bilateral heterogeneity
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in trade elasticities based on observable variables (e.g. proximity).** The choice of
this multi-sector model allows us to highlight the importance of using disaggregate
data to estimate elasticities that are key for macro counterfactuals—such as the

gains from trade.

6.1 Specification

Denote each sector by s = 1,..., 5. We assume that within-sector productivity is
multivariate -Fréchet with scale T,; and correlation function defined implicitly,
following Hanoch (1975) and Sato (1977), by

N 1
xSO 1=psod
1= .
Z (GSd(xsl,...,st)) (39)

o=1

The parameters, { psod}évzl, capture heterogeneity in correlation across origins within
sector s and destination d. The correlation function satisfying (39) results in iso-

elastic sectoral expenditure shares,

Xeod T sod (%)ﬂwd P\’
- Osold ( > ’ (40)

Tsod = - =
Py

Xy N Poa\
D g1 Osoa | 28

0
1=psod ’

where 0,4 = The sectoral price index, P4, is defined implicitly as

=y () (41)
B Psd ’

o

with P, 4 = yT;i/ QWO. When p,,q = 0, productivity is independent across sectors

and origins, and we get the CES sectoral model with o, = . When p,,q = ps, we

get the sectoral CNCES model without spatial correlation, in Section 5.1.

Next, we compute correlation-adjusted sectoral expenditure shares and the gains

24 As we show in Online Appendix O.2.1, one can allow for complementarity or substitutability

across sectors from preferences. In fact, the sectoral model we present below is isomorphic to a

e+1
€

model in which preferences across sectors are CES, u(Cig,...,Csq) = (Zle C S‘dﬁ ) , with Cyq

an aggregate of sectoral products, and with the parameter ¢ > —1 the expenditure elasticity of
substitution between sectors. Sectoral goods are substitutes as long as € > 0 so that ¢ takes exactly
the role of 6 below. Sectoral goods are complements if € < 0, a possibility only allowed if the model
had a preferences interpretation. Our estimates suggest substitution, not complementarity, across
sectors—that is, our estimates of the parameter 6 are positive.
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from trade in closed form. As we explain in Section 4.2, because disaggregate
adjusted shares are sufficient statistics for real import prices, we can calculate
the correlation correction by inverting the demand system. Dividing (40) by 004,

summing over origins, and using (41) gives (Ps,q/Psq) 7*°¢. Further using sectoral

X / Q/Usod X

sod/ O so s

7T:od = N d d d7 (42)
Zolzl Xso’d/o_so/d Xd

where the first term on the right-hand side is (Ps.q/Psa) %, and the second terms

shares, we get

is (Psa/Py)~%. Using the results in Section 4.2, 7, = >__ 7%, and further applying

(21), the gains from trade are

—-1/0
GT, = (Z w§0d> . (43)

Once we have estimates of 0,,q and 6, we can compute the gains from trade using

sectoral expenditure data. We turn next to the estimation of these parameters.

6.2 Estimation

We estimate our quantitative model using two sequential gravity regressions. The
tirst step uses variation in trade flows and tariffs across origin countries within
each sector to identify bilateral sectoral trade elasticities. The second step uses

variation across sectors and destination markets to identify the shape parameter 6.

Letting ¢ index years, we impose additional assumptions on the structure of trade
costs and spatial correlation patterns. First, using the decomposition of scale parameters
into productivity and trade cost indices in Section 2.2, we can re-write sectoral
import prices indices as Ps,qt = Y TsodtWot/Asot- Second, we assume that trade costs

depend on gravity covariates and tariffs,
In Tyoqr = 6,G€00q + In(1 + toar) + Ebgy + E2ous- (44)

The variable t,,4 is an ad-valorem effective tariff on sector-s goods shipped from
o to d at time t. Geo,, includes variables such as distance and time differences
between trading partners, as well as dummies indicating whether the two countries

share a border, language, and legal origins. We further allow for sector-specific
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coefficients, ;. The variable ¢!, captures unobserved sector-destination-year components
of trade costs, while €2 ,, captures additional unobserved components of trade
costs across origin countries. Finally, we assume that elasticities have a sector
component and a spatial component proxied by a non-linear function of bilateral
distance,®

Osod = 05 + 71 Dist,q + G2 Dist?,. (45)

Using (40), we get our first-step within-sector gravity equation,

In Tsodt = Ssot + Dsdt + Bsod — 05 hl(l + tsodt) + (asot + ﬂsdt - ln(l + tsodt)) (&lDiStod + &QDiStzd) + Usodt,
(46)

where Sgt = 050s0t, Dsat = 05SBsar — 685;6115 —Ind  05a (Psorar/ Psar) 7%, Bsoa =
N 000 — Ts005G€O00t, Csor = I(Wor/Asor), Bsar = In(Poar/7), and Usodr = —0s0d€20as-
The coefficients from the interaction of tariffs with distance and distance squared
allow us to estimate distance-dependent elasticities of substitution. The exclusion
restriction for identification is that variation in tariffs across origin countries is

exogenous conditional on the covariates included in (46).

To estimate the between-sector elasticity, , we use a second-step regression that
relies on variation across sectors and inferred within-sector relative prices from
the first step. This second regression comes from destination d’s expenditure on
sector-s goods, X/ Xar = (Psar/Pa;)~?, where we can write

Psdt Psodt Psodt Wo

Py
@ = In +In =Invy—1In +In—2 —In Py + In 7ypq:.

In
Pdt Psodt Pdt Psdt Asot

Given estimates of 0,4 from our first step, 6,4, we combine (40) with the definition

of the sectoral price index in (41) to get an estimate of Ps,q/ Psat,

_ 1
jal Gsod
-Psodt - 7T-sodt/ Osod
— = N ~ .
PSdt Zolzl 7T-so’dt/o-so’d

We estimate the parameter ¢ from the coefficient on In(1 + ¢,,4;) in the following

This assumption is motivated by the literature that documents that technology diffusion
follows a spatial pattern. Keller (2002) estimates that a 1,200-kilometer increase in distance leads
to a 50 percent drop in technology diffusion. Similarly, Bottazzi and Peri (2003), using patent data,
find a strong geographic decay in technology diffusion between European regions. Comin et al.
(2013) document that the lower the spatial distance to another country’s technology, the higher the
rate of adoption. Relatedly, Keller and Yeaple (2013) link the gravity patterns observed in flows of
firms across countries to multinational firms transferring knowledge from their parent firm to their
affiliates abroad, with this transfer being easier to nearby locations.
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regression,

X, —_—
In th = Qsot + bdt + 9 In (Psodt/Psdt) - eégGeood - 9 ln(l + tsodt) + VUsodt (47)
dt
where aor = 0In(Agor/Wor), bar = 01n Py, and vgoqr = —0(gl,, + €2, 4,). Identification

comes from controlling for within-sector relative prices using our first-step estimates.
The identification assumption is that the unobserved component of trade costs is

orthogonal to tariffs conditional on the other covariates.

We estimate (46) and (47) by Ordinary Least Squares (OLS), using sectoral tariff
data constructed by aggregating 4-digit SITC tariff data, from COMTRADE, and
sectoral trade flow data, from the World Input-Output Database (WIOD), for 1996-

2007. Appendix H describes the data construction and sample restrictions in detail.

We consider three cases. First, we estimate the CES model where productivity is
independent across sectors and origin countries, p,,q = 0, and get an estimate of 6
from our first step (since o,,q = ¢). Second, we estimate the CNCES model where
correlation is only sector specific, but common across o and d, ps,a = ps, so that
0s0a = 0s. Finally, we allow for bilateral correlation within sector and estimate our

model with o, specified in (45).

Appendix Figure 1.1 presents OLS estimates of the elasticity of substitution, o4,
as a function of geographical distance. The spatial pattern that emerges is clear:
Substitutability decreases with distance, indicating that productivity is less correlated
between countries that are further away from each other.?® Additionally, Appendix

Table I.1 presents our OLS estimates of ¢ for each of the three specifications.

We next use these estimates to perform various counterfactual exercises.

6.3 The Gains from Trade

Figure 1 shows the gains from trade calculated using the model with no correlation
(CES), with within-sector correlation (CNCES), and with bilateral distance-dependent
correlation, respectively. The figure shows that differences are large across countries
with similar self-trade shares. For instance, Mexico and Germany have a similar

self-trade share of around 60 percent. However, once we account for spatial heterogeneity

% Appendix Figure 1.2 shows estimates for the within-sector elasticity of substitution in the
CNCES model with 04,9 = 75.
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Figure 1: Gains from Trade and Self-Trade Share, 2007.
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Figure 2: Gains from Trade and Distance, 2007. Percent differences from CES.
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in correlation, their gains are very different. In contrast, the CES model would

predict equal gains from trade for the two countries, while the CNCES model

delivers gains that are only slightly different.

Perhaps not surprisingly, Figure 2 shows that the model with bilateral correlation

implies that countries that are on average further away from their trading partners

have higher gains from trade, while the CNCES model—with sectoral elasticities
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that are constant over space—fails to do that. Our model interprets countries that
are further away from each other—with lower sectoral elasticities—as having more
dissimilar technologies and, hence, higher gains from trade. This result captures
Ricardo’s second insight that gains from trade are higher when countries trade

with technological dissimilar partners.

6.4 NAFTA, the Rise of Chinese Imports, and U.S. Protectionism

Next, we consider the implications of our quantitative model on various counterfactual
scenarios, and compare them with the implications from the CNCES model. We

use the procedure outlined in Section 3.

We first consider a scenario in which the United States increases trade costs with
Mexico and Canada simultaneously by x percent, with z € [5, 50]. Figure 3 shows
the implications for real wages for the model with distance-dependent correlation
and the CNCES model. The difference between the two models comes from adding
bilateral correlation in addition to within-sector correlation. Differences in the

predicted real wages can be large, particularly for large changes in trade costs.

Correlation matters—and more so for large changes in trade costs—through two
potentially offsetting effects that shape the gains from trade: a price effect and a
wage effect. The price effect is direct: Increasing trade costs on Mexican goods
increases prices for U.S. consumers. The size of this effect is just the elasticity of
the price in the United States to the price of imports from Mexico, which equals the
expenditure share.” In contrast, the wage effect is indirect and operates through

the market clearing condition for the United States,

Worer Lo s — Y PieuaGlsa(Prds .. Py)
vsalusa =D N )

d=1

Xq.

If the change in trade costs with Mexico induces U.S. consumers to substitute
expenditure away from Mexican goods and towards U.S. goods, labor demand
would increase and U.S. wages would increase. How rapidly expenditure shifts
away from Mexican goods and towards U.S. goods depends on the correlation
in technology. If the United States and Mexico were very close neighbors (high

correlation), then U.S. and Mexican goods would be substitutable and labor demand

USA/p—6 —6 -5 -0
27  9lnPyga _ olnG (PLusars PN,USA) 4 — PJ\/IEX,USAGA/[EXvUSA

OlnTMEX,USA Oln PyeEx,UsA PJgA

=TMEX,USA-
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Figure 3: Effects of NAFTA Reversal on Real Wages.

(a) Cross-nested CES (CNCES) Model (b) Spatial Model
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in the United States would be sensitive to changes in trade costs for imports from
Mexico. The wage effect would be large and would offset the losses coming from
increasing prices in the United States. In contrast, if trade between (most parts of)
Mexico and the United States occurs over long distances, accounting for spatial
correlation would reduce the substitutability between their goods. As a result, the
offsetting wage effect would be smaller in the model with heterogenous spatial
correlation. As we see in Figure 3, accounting for spatial correlation in productivity
leads to an increase in the losses from increasing U.S. trade costs with NAFTA
partners. The gap between the models depends on the size of the increase in
trade costs. For small changes in trade costs, the gap is small because general
equilibrium effects on wages are small, while the direct price effect—with an elasticity

equal to the expenditure share—is the same between models.

Our second counterfactual considers the implications of the rise of Chinese manufacturing
imports for the U.S. real wage. We compute the change in the U.S. real wage in each
year between the observed outcome (i.e., the real wage implied by each model
given the data) and a scenario in which we fix China’s trade costs at the level of
2003 for the sector "Machinery, Equipment, and Manufacturing n.e.c.". We choose
this sector because expenditure by the United States on manufacturing goods from
China increased threefold between 2003 and 2007 (see Appendix Figure 1.3). Additionally,
this sector’s implied trade costs decrease sharply in the spatial model, but they are

relatively stable for the CNCES model, as shown in Figure 4a. For the remaining
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sectors, the implied trade costs between the two models are similar (not shown).?®
Figure 4b shows the difference in real wages between the actual and counterfactual
scenario: The sharp decrease in trade costs implied by the spatial model from 2003
on translates into large increases in the U.S. real wage. The CNCES model fails
to capture the collapse in trade costs within this sector, and, as a consequence,
suggests lower gains for the United States from the rise of manufacturing imports

from China.

Our final counterfactual considers a series of trade protection exercises where the
United States unilaterally increases trade costs by five percent, one trading partner

at the time. We compute the counterfactual change in real wages for both the
spatial model and the CNCES model. The presence of bilateral correlation changes
the rankings of the countries that provoke the largest change in U.S. real wages.
While the CNCES model implies that real wages in the United States would decrease
the most with increases in trade costs from Canada, the spatial model predicts that
China would have the largest impact. The intuition behind these results is similar

to the intuition for other counterfactuals: The direct price effect is measured by
observed expenditure shares, while the indirect wage effect depends on substitutability
of goods between trading partners and, therefore, on the patterns of spatial correlation.
Summing up, these counterfactual exercises illustrate that the welfare implications

of a trade shock can change substantially once we account for richer patterns of
heterogeneity in correlation of productivity. These results reflect Ricardo’s insight
that differences in technological similarity across trade partners matter for the

gains from trade.

7 Conclusions

This paper is motivated by the old Ricardian idea that a country gains from trading
with those countries who are technologically dissimilar. We develop a Ricardian
theory of trade that allows for rich patterns of correlation in technology between
countries yet retains all the tractability of EK-type tools. Importantly, our structure

generates the class of GEV factor demand systems and, as such, approximates any

28Trade costs are calculated using the ratio (7%, ./ w;‘mt)*l/ 9 = Ti04tPot/Pas, for each s and t.
Since we can only uncover within-destination relative prices from our expenditure data, we use
GDP deflators from the Penn World Tables (9.0) to adjust this quantity by country price levels and
recover sectoral trade costs.
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Figure 4: The Rise of Chinese Manufacturing Imports.
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Ricardian model. The gains from trade coming from a GEV factor demand system

can be written as a simple correction to self-trade shares.

We provide a structure for technology, based on the adoption of innovations, that is
necessary and sufficient to generate max-stable multivariate Fréchet productivity
with a general dependence structure. Moreover, the theory, by relating macro
substitutability patterns to underlying factors, provides guidance on incorporating

standard micro estimates into macro counterfactual exercises.

Our quantitative application to a multi-sector trade model reveals that differences
in correlation across countries matter: Gains are much more heterogeneous across
countries than the case of independent productivity. These results suggest that our
framework has the potential to change quantitative conclusions in any literature

applying Fréchet tools.
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A Properties of Fréchet Random Variables

Lemma A.1. Let X be distributed Fréchet with scale A > 0 and shape o > 0. Then if
a > 1,E[X] = T(1 — 1/a)AYe. Also, for any B > 0 and 8 > 0, BX? is Fréchet with
scale AB*/8, shape /3, and E[BX?) = T'(1 — 8/a) BAP/®,

Proof.
* 0 0 e
- - < — P
E[X] /0 zaZIP’ (X < z]dz /0 25€ dz
= / ze ¥ Az My = / t~Vee tdtAYe =T(1 — 1/a)AY?,
0 0

and

P[BX? < 2] = P[X < (2/B)"/#] = ¢ AG/BP = o= ABY/Pme/0
The previous result implies that E[BX?] = T'(1 — 8/a) BA®/. O

Lemma A.2. Let {X;}Y, be a-Fréchet with scale parameters {A;}Y., and correlation
function G : Rf — Ry. Then, forany B; > 0i=1,..., N and 3 > 0, the random vector
{B;XP}N | is o/ B-Fréchet with scale parameters of { A; B /PAN | and correlation function
G.

Proof.

PIBX] < yii =1, N = PIX: < (3/B)'i = 1., N]
= exp [_G(Al(yl/Bﬂ_a/ﬁ, e ,AN(yN/BN)—a/B)}
= exp [_G(Algix/ﬁy{a/ﬁ’ N ,ANBK/ﬁy;]a//B)} '

]

Lemma A.3. Let {X;}, be O-Fréchet with scale parameters {T;}Y | and correlation

.....

scale G(T1,. .., Ty). Moreover, let {Z;}}", be any partition of {1,..., N'} and define the
random variable {Y1, ..., Yy} as
Y, = max Xj.

J 1€L;
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Let j:{1,...,N} — {1,..., M} be the unique mapping such that j = j(i) if and only if
1€ Ij. Deﬁne T‘] = G(Tl]_{l € Ij}, ce ,TN]_{N € I]}) and W; = %1{@ € IJ} Then,

1. {Yi,..., Y} is 0-Fréchet with correlation function H : R — R satisfying
H(Zl, ey ZM) = G(wlzj(l), e ,wsz(N));

>ier, TGi(Th, .. Ty)
G Ty

where Gi(.iﬂl, ... ,.CEN) = 8G(:1:1, R ,a:N)/é?mi;

P [Y; = maXXZ} =

3. Forany j =1,..., M, thedistribution of Y; conditional on the event Y; = max;—;

,,,,,

is identical to the distribution of max;_,

-----

P [YJ S y | Y} _ maXXZ} _ 6—G(T1 ..... TN)?J’Q =P |:‘_InaXN Xz S y:| .

i=1,...,

Proof. We first prove part (1). Let {Z;}}/, be a partition of {1,..., N} and define
Y; = maxiez; X;. Let the function j : {1,..., N} — {1,..., M} satisfy i € T;; for
alli =1,..., N. Note that there is a unique function satisfying this condition since
{Z,}}1, is a partition of {1,..., N'}. Then,

P[Y}Sy]7VJ:1,7M]:P[Xl§yj,VZ€IJ,\V/]:1,7M]

-0 —0
— eiG(lej(l) ~~~~~ TNyJ(N))

Therefore {Y1,. .., Yy} is -Fréchet. Its scale parameters are
ykig?k#jG(lej_((i), o Tnyi) = GM{1 € L}, . TNU{N € T;}) = Tj,
and its correlation function must then be

G(Tl/Tj(l)Zj(l), e 7TN/TJ‘(N)ZJ'(N)) = G<wlzj(1)7 e aWNZj(N)) = H<217 e 7ZM)-

Note that if we take M = 1sothatZ, = {1,..., N} we get

.....



That is, max;—; y X; is a #-Fréchet random variable with scale G(73,...,Ty) and

,,,,,

shape 0.
Next we prove part (2). We have

P [maXXi <yandY; = maXXi} =P [Y} <yandY; = max X,

=P[Y; <yand X; <Y;,Vi=1,... . N|=P[Y; <yand X; <Y,,Vi ¢ T}

Y 0
:/ PIX; <t,Vi¢Z;|Y; =t] =PY; < t|dt
0 ot
Y0
:/ 0_P[X <zVi¢I;, and X; <t VieZj| _ dt
/ Z *G(T1y1 ~~~~~ Tnyy?) dt
8yz yi=tYi=1,..,.N
/ Z e O I G (T’ Ty )Ty yi=t,Vi=1 th
1€L; T

Z €T, CZﬂiC:z(jjla 7TN> v el
ey ~G(T1, TN (T T)0t 9 1dt
e ) )
G(T17"'7TN> /0 ( 1 )
_ Zielj TZGZ(Tl’ e ’TN) e—G(Tl ~~~~~ Tn)y~=°
G(T, ..., T) ’

where G;(z1,...,2n) = 0G(xy,...,xN)/0x;. Let y — oo to get

i| o Ziezj EGZ(T177TN)
1 G(Ty,...,Ty) '

Finally, we can prove part (3) using the previous results:

P [max; X; < y and Y; = max; X|]
]P) D/; — max; Xz]

P [maXX,- <ylY; = maXXi} =
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B Proof of Lemmal

First, we show that if productivity is -Fréchet, then there must exist a correlation
function G : RY — R, such that (5) is the joint distribution of productivity across

origins.
Consider any (z1,...,2n) € Rf . Then x(l)/ > 0 for each o. From the definition of a

77777

must be distributed as a 6-Fréchet random variable. That is, there exists some
T > 0 such that

Let 77 : RY — R, be the map (z1,...,zy) — T. We then have that for any
(z1,...,zy) € RY

P [ rrllaXle/aAod('U) < a] = exp [-T"(z1, ... ,xN)cfe] :
Note that the joint distribution of productivity can be written as

]P’[Ald(v) S a,y ... ,ANd(U) S CLN] = P[Ald(v)/al S 1, e ,ANd(U)/CLN S 1]

=P A <1].
L max Aog(v)/ao <
Choosing z, = a,? and a = 1 we can use the properties of our function 7% and get

P | max Aw(v)/a, < 1} =exp [-T%a;?,...,a3))] .

Therefore, the joint distribution of productivity satisfies
P[Ald(v) <a,... 7ANd(U) < CLN] _ 6—Gd(Tlda1_9 ..... TNda]_\78)7

for the function G¢ : RY — R, defined by (z1,...,2n5) = T%x1/T14; - - -, o5/ TNa)-

We now show that this G¢ is a correlation function. First we show that it must be
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homogenous. Fix (z1,...,zy) € RY and let A > 0. We have

exp [—Gd(Al’l, ey >\$N>} = ]P)[TMAld(U)_Q Z /\Il, c. ,TNdANd(U)_e Z )\ZEN]
[(21/Tha) " Ava(v) < A7V0 0 (wn/Tva) ™ Ana(v) < A7V
=P maXN(mo/Tod)_l/erd(v) < AV

o=1

.....

=exp [-T%(x1/Tha, - .. on/Tna)\]
= exp [—)\Gd(xl, . ,xN)} ,

so that G4 Az, ..., \xn) = AGY (21, ..., zx) as desired.

Now consider the normalization restriction. Fix o. The distribution of A,4(v) is
exp (—Thga™?) = P[Ay(v) < a] =P mamel/eAnd(v) <al,

for the choice of x,, = 0 for n # o and z, = 1. But then,

xl,...,xN)cfﬂ
0,...,0,1,0,...,0)a™’]
0,...,0,T54,0,...,0)a™’]
0,...,0,1,0,...,0)T,qa”"] ,

Il

]

o

o
f_1lTl_|f_|

Q

IS
—~ =~ =

where the last equality comes from the homogeneity of G?. We therefore must
have G%(0,...,0,1,0,...,0) = 1 as desired.

The unboundedness restriction follows from the limiting properties of joint distributions.
Fix o. Then,

lim e C'@ron) — iy P[TygAq(v) ™% > 21, ..., Ana(v) > zp]
To—>00 To—>00
= wliinmP[T;}/f’Ald(v) <ay,.. Tyd/® Ava(v) < zy] = 0.
Therefore, lim,, o, G%(21,...,7x) = oo as desired.

Finally, the differentiability restrictions are necessary because the productivity distribution
is continuous and therefore has a joint density function. Smith (1984) shows that

the differentiability condition is necessary for this joint density to exist.

Therefore, the function G must be a correlation function, and we have proven that
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if productivity is -Fréchet then there exists a correlation function G : RY — R,
such that (5) holds.

We now prove the converse. Let T,,; > 0 for each o = 1,..., N, and let G* : RY —

R, be a correlation function. Suppose that { A,4(v)})’, satisfies
PlA(v) < ay,...,Ana(v) < ay] =exp [—Gd(Todafe, e ,TNda]_Ve)} )

We want to show that {A,q(v)}), is §-Fréchet. Let (z1,...,zy) € RY and consider
the distribution of max,—1 v ,A404(v),
Pl max ToAod(v) < a] =Plx1A14(v) < a,...,enAna(v) < d

=PlA(v) < a/zy, ..., Ana(v) < a/zy]
= exp [-GTozla™, ..., Tyazla™?)]

= exp [-GY(Togzy, ..., Tyazl)a™’],

,,,,,

is a O-Fréchet random variable with scale parameter G4(T,429, ..., Tnar%). As a

result, we conclude that { A,4(v)}Y | is 0-Fréchet.

C Proof of Proposition 1

Perfect competition implies that potential import prices are

Then,

P[Pg(v) = p1, ..., Pna(v) = pn] = P[Pra(v) /Wi = pi /Wi, ..., Pna(v)/Wx = pn /W]
P[1/A1a(v) = p1/Wh, ..., 1/Ana(v) = pn /W]

= P[A14(v) < Wi /p1,..., Ana(v) < Wi /pn]

= exp [—Gd(Tldeep?, . ,TNdWJQsz)} )
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D Proof of Proposition 2

The proof follows directly from the properties of #-Fréchet random variables. The

probability that variety v is imported by destination d from origin o is

TaW P GUTW W, TvaWR?)

ot = P[Poa(v) > Pyg(v) Vo' # o] = 7
Tod [Pod(v) a(v) Vo' # o] GUTaWy ..., TnaWR?)

by Proposition 1 and Lemma A.3. The distribution of prices among goods imported

by destination d from country o satisfies

P |Fu0) 2 0| Puat) = min Poao)| =P |

/ —
o’'=1,..., o’'=1,...,

by Proposition 1 and Lemma A.3. The price index in destination d is then

1

P [ [ i o] = [

o=1,...,

_1
€

where v = T (%)

from the fact that min,—; _n P,q(v)™ ¢ = (max,—1,. n 1/P,(v))" is a Fréchet random

.....

, I'(+) is the gamma function, and the last equality follows

variable with scale G¢ (Tlde o ..., TNdWJQH) and shape 6/¢ > 1 due to the assumption
that # > ¢ and due to Lemma A.1.

E Proof of Proposition 3

First, the set of varieties from o imported to dis {v € [0, 1] | W,/Auq(v) = miny Wy /Ayq(v)}

and for any variety in this set, expenditure is

it = (ML) ",

Any v not in this set must get imported from a different origin. The price index is

1

Py= { /0 1 (min W /Aga(v) dv] N
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min Po’d(“) > p:| — o= G(TaWy s TnaWy' )P ,
/=1,..,N

_minN Pod(U)—e)} ) = ’)/Gd (Tldee, e ,TNdW]QG)_

D=
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so that we can write the expenditure share as

' Xa(v)
o Xa
 Jo (Wo/Aoa(0)) "1 {Wo/Apa(v) = ming We /Aya(v)} dv

[ (ming Wy /Aya(v)) ™ dv
_ E [(Wo/Apa(v)) 1 {W,/Apa(v) = ming Wy /Aya(v)}]
E [(minol WO//AO/d(v))_E} '

Toa( W, Xy) = 1 {WO/AOd(v) = H(l}n WO//AO/d(v)} dv

We need to show that there exists a correlation function that approximates this
factor demand system. The proof is similar to the proof of Theorem 1 in Dagsvik

(1995), differing in the functional form of the demand system to be approximated.

We start by constructing an approximating GEV factor demand system that generates
the same price level as multiplying productivity by independent Fréchet noise.
Consider the random vector { A,q(v)U,q(v) }2_, where U,4(v) is some #-Fréchet noise
with unit scale that is independent across o and independent of of {A.(v)}Y ;.
Under this modified productivity distribution, potential import prices are P,;(v) =
W,/(Apa(v)Usq(v)) and { Pog(v) =}V, | {Asa}2, is 8 /e-Fréchet with scale (Ayq(v)/W,)?
by Lemma A.1 and independent across o. As a consequence, Py(v)™¢ | {A.q}); is
also 6 /e-Fréchet and has scale 3 (A,q(v)/W,)?. The associated price level is

o=
_1
] €

=T(1—¢€/0) < GUTWW®, ..., TnaWy?) 0,

r.

Note that this price level is identical to assuming that productivity is #-Fréchet with

Py = {E[E (Pa(0) | {Au@)}¥)]}

) {F(l —¢/0) <Z<Ad(v)/W0>0>

o=1

ESE

for T,q = EA,q(v)?, and

S

Gd(;cl, CLTN) = []E (Z Aod(v)%o/Tod>

scale T,, and correlation function G“. It also approximates the true price level. In
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particular,

P, =

o

P(5) (Z<A0d<v>/wo>9> ;] )

o2 []E (mgx Aod(v)/Wo> 6] = = {E (moln WO/AOd(U)>_6} B .

That is, the price level implied by either multiplying by 6-Fréchet noise or by
assuming #-Fréchet productivity with this correlation function converges point-

wise to the price level associated with the true productivity distribution.

The implied GEV factor demand system is

T aW, GU T, ... TnaWy’)
GUT W, TngWy?)
B[ (S (Ava(0)/Wo)) ™ (Aea(0)/ W)
E (Zo/(Ao/d(U)/Wo/)9>§
190 E[(Wo/Aoa(v)) =1 {Wo/Aoa(v) = ming Wy /Aga(v)}]
E [(mino’ Wo’/Ao’d(U))ie]

TrglEV<W7 Xd7 0) =

= wod(W, Xd)

That is, the implied GEV factor demand system converges point-wise to the true
demand system. To establish uniform convergence across (W, X;) € K, for K C
RY*! compact, note that if the sequence {757V (W, Xy;6;)}52, is convergent, there
exists a positive sequence {0}, that diverges such that {7GFV(W, X;;0,)}%2,
is monotone and converges. Then, since 7,q(W, X;) is continuous, we can apply

Theorem 7.13 in Rudin et al. (1964) to establish uniform convergence.
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F Proof of Theorem 1

Sufficiency follows from Campbell’s theorem (see Kingman (1992)). Under Assumption 1,
P[Ay(v) < a,,Yo=1,...,N]

P max Zi(v)Ava(xi(v)) < ap, Yo =1,... ,N]

P[Zi(v)Ava(xi(v)) < a,,Yo=1,...,N,Vi=1,2,...]

-----

P|Zi(v) < I{lm ao/Aoa(x:(V)), Vi:1,2,...}

P |Z;(v) > min ao/Aod(Xz( ), fornoi:1,2,...]

o=1,...,

This last expression is a void probability. Under Assumption 2 we can compute it

by applying Campbell’s theorem,

-----

= exp / / Gz’e’ldzdu(x)
mine—1,..., N aO/AOd )
=exp | — IIllaX Aod( ) oedM(X)}
L X o=l1,..,
B [ Aod(X)e
=exp | /X Jmax, === Toa, S'du(x)|

forT,, = f ¥ od(X Gdu( ). This final expression is the joint distribution of a multivariate
§-Fréchet random variable with scale parameters 7,; for each o = 1,..., N and

correlation function G4(zy, ..., 1x) = fx maxy—i "d X) S X xodp(x)-

.....

Necessity follows from Theorem 1 in Kabluchko (2009), which states that any
N be a 0-Fréchet

process on {1, ..., N}—that is, a multivariate #-Fréchet random vector. Then there

6-Fréchet process has a spectral representation. Let {Aui}o-1

.....

-----

[ Aoa(x)dx < oo, and a Poisson process {ZZ, Xi}ie12.. with 1nten31ty 0270- 1dzdu( )

such that A, = max;—12.. Z;Aoa(xi). Taking {Apa(v)}o1
i.i.d. copies of {Apq}o=1

.....

~ completes the proof.

.....
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G Generalized Mixed CES

We now provide a concrete example of applying Corollary 2 to generate a generalized
mixed-CES factor demand system. This model includes the mixed-CES model estimated
in Adao et al. (2017) as a special case, as well as many existing models based on

EK, as presented in Section 5.

We get the generalized mixed-CES factor demand system by specifying a particular
structure for the innovation’s attributes. Let x;(v) = {k;(v), 0;(v), 5;(v), v;(v) } where

ki(v) € {1,..., K} isadiscrete characteristic (e.g., a sector) and assume that A,4(k:(v), €;(v)) |
oi(v) = 0,B:i(v) = B,ki(v) = k is o-Fréchet and independent across o with scale

equal to I'(1—0/c) =/ ef'eattiros, The random coefficient o;(v) parameterizes within-

k dispersion in spatial applicability, and f3;(v) is a vector of random coefficients for

the dependence of spatial applicability on a vector of covariates, .

Under this assumption, the distribution of productivity conditional on ¢;(v) =
o, Bi(v) = B, ki(v) = k is O-Fréchet with CES correlation function with correlation

coefficient p(0) = 1 — f/o and scale
Thod(0, B) = eP) B Toatttiod)

Within-(k, o, §) expenditure shares are

Xkod(aa B) _ B Todturod WO—U

Zi\,[:l Xko’d(U, ﬁ) Zi\’le eﬁ’xold-i-ukoxdw(;o-?

while between-(o, k, ) expenditure levels are

_ Pra(o,8) (0,8 ] k)my,
Sy Jas Jo7 Pralo, B)0 f(0, B | k)ympdods

ds

N
Z Xko’d(aa /6)
o'=1

O

, —1/o
where Pyq(o, f) = v [ZN:1 e? xod*“kodW(j”} .

In the limit as ¢ — 0, the density of expenditure across characteristics converges
to the likelihood that an innovation has k;(v) = (o, 8, k). As a result, the share of

expenditure by d on goods produced in o with innovations of type k is mixed-CES,

X 00 B'Toq+Urod I/ —0O
o[ Do f(o, 8| k)dodf—pt—,
rR7Jo Y,

'z 1 tu -0
Xy :165 o'd ko’dWO, Zk’:lmk'
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where Xj,g = fR ; fooo Xioda(o, B)dodf. This limiting case corresponds to the mixed-
CES factor demand system used by Adao et al. (2017), for K = 1, and z,,4 containing

origin and destination dummy variables as well as the logarithm of per capita
income in country o.
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H Data Construction

For our quantitative analysis, we use trade flow data from the World Input-Output
Database (WIOD), tariff data from the United Nations Comtrade Database, and
gravity covariates from Centre D’Etudes Prospectives et d'Informations Internationales
(CEPII). When calculating the trade costs implied by this data, we use GDP deflator
data from the Penn World Tables (PWT), version 9.0.

H.1 Map from SITC Codes to WIOD Sectors

The WIOD data allows us to compute the total value of trade between a sample of
40 countries across 25 sectors from 1995 through 2011. The sector classification in
this data set comes from aggregating underlying data classified according to the
third revision of the International Standard Industrial Classification (ISIC). The
Comtrade tariff data is classified according to the second revision of the Standard
International Trade Classification (SITC). In order to merge these data sources, we

construct a mapping that assigns SITC codes to WIOD sectors.

First, we match ISIC and SITC definitions using existing correspondences of each
standard to Harmonized System (HS) product definitions. These correspondences
come from the World Bank’s World Integrated Trade Solution (WITS).* This merge
matches on 5,701 products out of 5,705 total HS products. We drop the four unmatched
products. This creates a HS product dataset with 764 SITC codes and 35 ISIC codes.
Note that there are 925 SITC codes in the tariff data to be classified into WIOD

sectors.

Next, we map the ISIC definitions in this merge to the 25 WIOD sectors using the
relation between ISIC codes and the WIOD sectors. This leaves products in the
ISIC code 99 ("Goods not elsewhere classified") without a WIOD sector definition.

At this point, there are two issues we must address: (1) classifying SITC codes that
have products in multiple WIOD sectors; and (2) classifying the SITC codes in the
tariff data that were either matched to ISIC code 99 or were not matched to any
ISIC code. We use a most-common-sector rule and manual classification based on
SITC codes to resolve these two issues and arrive at a mapping from SITC codes to
WIOD sectors.

29They are available at https:/ /wits.worldbank.org/product_concordance. html.

58


https://wits.worldbank.org/product_concordance.html

We proceed as follows. First, we determine the most common WIOD sector classification
(including "unclassified") at the HS product level of each 4-digit SITC code within

the merge. We re-classify all products within an 4-digit SITC sector as belonging to

the most common WIOD sector, and break ties manually. This step resolves issue

(1) and leaves us with 764 4-digit SITC codes mapped to a unique WIOD sector,

and 161 4-digit SITC codes left unclassified.

Second, we resolve issue (2) by refining the map by using the most common classification
of HS products within each 3-digit SITC code, again breaking ties manually. In
this step, we only use the most-common classification at the 3 digit level to classify
previously unclassified 4-digit SITC codes, filling in the map. This step mostly
resolves issue (2), leaving only 12 4-digit SITC codes unclassified. We complete the
map by manually classifying ten of these remaining codes, while choosing to leave
codes 9110 ("Postal packages not classified according to kind") and 9310 ("Special

transactions, commodity not classified according to class") unclassified.

H.2 Construction of Sectoral Trade Flow and Tariff Data

With this mapping from (all but two) 4-digit SITC codes to WIOD sectors, we next
aggregate the Comtrade tariff data to the WIOD sector level. First, we compute
the average applied tariff and total value of trade within the Comtrade data by
SITC code, exporter, importer, and year. We then compute the average tariff and
total trade value by WIOD sector, exporter, importer, and year, using the value of
total trade in each SITC code and year as weights when calculating averages, and

dropping codes 9110 and 9310.
Next, we merge these data with the WIOD data. The WIOD data give us the

amount of imports by each sector and country across sectors of all other countries.
We first aggregate this input-output data to get total expenditure by each importer
across the sectors of each exporting country. This aggregation gives a balanced
bilateral dataset of trade flows across 25 sectors for each exporter-importer pair
from 1995 to 2011. The data contains 40 countries and a rest-of-world aggregate

(1,681 pairs per sector, including self trade).

We merge this data with our tariff data at the WIOD sector, exporter, importer,
and year level. The two dataset intersect from 1995 through 2007. For each year,
we drop any observations in the tariff data that are not in the WIOD data. This
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eliminates countries without WIOD bilateral data. We set tariffs for self trade
to zero. Additionally, we have no tariff data for the rest-of-world aggregate and
Romania, and limited data for Taiwan. We drop these three entities leaving us with
a sample of bilateral trade flows and tariffs between 38 countries. Finally, we do
not have tariff data for sectors 15 through 25 (non-traded sectors), so we also drop

them from the data.

The resulting dataset has many trade zeros and missing tariff observations. To
address this potential issue, we aggregate together WIOD sectors to get the final
ten sector definitions we use in our quantitative analysis. Specifically, we combine
the "Coke, Refined Petroleum and Nuclear Fuel" and "Chemicals, Rubber, and
Plastics" WIOD sectors to form our "Fuel, Chemicals, Rubber, and Plastics" sector.
Also, we combine the "Machinery, n.e.c.," "Electrical and Optical Equipment,” "Transport
Equipment," and "Manufacturing, Nec; Recycling" sectors to get our "Machinery,
Equipment, and Manufacturing n.e.c." sector. We compute the aggregate value
of trade within each of our sectors across bilateral pairs and years, and compute
average tariffs for each of our sectors across bilateral pairs and years using total

global trade in each WIOD sector and year as weights.

This aggregation results in a balanced dataset of trade flows and tariffs across 10
sectors and 38 countries (1,444 exporter-importer pairs) from 1995 to 2007. The
share of trade zeros is 1.3 percent, and the share of missing tariff observations is
8.92 percent. Conditional on zero trade, the probability of tariffs being missing is
42.9 percent and conditional on a missing tariff, the probability of a trade zero is
6.3 percent. We finally merge in the CEPII data on geography and other standard

gravity covariates.

I Additional Tables and Figures
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Table I.1: Estimates of the trade elasticity 6, OLS.

CES Cross-nested CES Spatial
Dep variable In Teoqt Ind ", Tsoar Ind", Tooar

(1) 2) 3)
In(1 + tsoat) 5.523 0.607 0.489

(0.020)*** (0.025)*** (0.024)**

ponses v
e ¢
Sector-Covariate Interactions v ve v
Sector-Origin-Year Effects v v v
Sector-Destination-Year Effects v
Destination-Year Effects v e
Observations 174,201 174,201 174,201
R-squared 0.82 0.74 0.73
F-statistic 759.2 1,485.4 427 .8

Notes: Results in column (1) are from estimating (46) by OLS, assuming that pso,q = 0 so that o50¢ =

6. Results in columns (2) and (3) are from estimating (47) by OLS, with i"lsodt = In (R;/\Rgd), | =
spatial, cnces, from the first-stage gravity equation in (46). In column (2), (45) collapses to 0504 = 0
so that psoq = ps, for all o, d. Robust standard errors in parenthesis with levels of significance denoted

by *** p <0.01, and ** p < 0.05 and * p<0.1.
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Figure I.1: Elasticities of Substitution and Distance, by sector.
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Figure 1.2: Elasticity of substitution, by sector. Cross-nested CES estimation.

]

T
0¢

T T T

GL 0L G
Auonsel3 [es010eg

T

0

Sector

=G,

Notes: Results from estimating (46) by OLS assuming that 0,4

\l

Figure 1.3: U.S. imports from China in "Machinery, Equipment, & Manuf n.e.c.".
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